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Abstract

e

Analytical and computational models of fiber reinforced composite
materials are constructed using a mathematical procedure called ho-
mogenization. The procedure is systematic; i.e., one can estimate the
precision of the approximations to the field equations of the compos-
ite. Moreover, it retains interaction effects due to the microstructure
of the composite in the macroscopic approximations. A software sys-
tem, MeMCAP, based on finite element methods implements the method-
olc .y for evaluation of macroscopic effectiv. moduli of the composite
and for computation of the microscopic stress and strain fields acting
at the fiber-matrix interfaces. The software system is designed for easy
use by engineers who need not be familiar with the underlying analyt-
ical techniques. Interaction takes place through a menu-driven control
structure which requires specification of the material properties of fiber
and matrix and of the “geometry” of a typical cell of the composite.
The homogenization method produces an effective parameter model of
the macroscopic behavior of the material (longitudinal and transverse
Young’s moduli, Poisson coefficients, etc.), and a description of the mi-
croscopic distributions of stress within the cell — especially at the fiber—
matrix interface. The system can treat composites with various fiber
shapes and packing arrangements. It can also treat multi-ply laminates.
The program, written in Fortran, is fast and efficient. Extensions of
the work to encompass dynamical phenomena such as the propagation
and dispersion of stress waves, thermal properties, and estimation of the
onset of fractures are also discussed. 6 Sei))

v

ISN3IdXI LNIWNHIA0D 1V QIDNA0UIY




i 1 [y
A Y

il W W -

CONTENTS

Contents

1 Introduction and Project Summary 1
1.1 Modeling Composite Materials . . . ... .c0v.vvouueeewen. 1
12 Project Summary . . . . . . ¢t ittt e e e s 4
1.3 Comments on Some Related Work . ... ............... 4

2 The Homogenization Method for Modeling Composite Materials &

2.1 FormulationoftheModel ... ... ... .. ... ... ..... 5
2.2 The homogenizationmethod. . . . .. .. ... ... ... ...... 8
2.2.1 Asymptotic EXpansions . . .. ... ...c.ueeueno.. 9
2.2.2 Analysis of the Asymptotic Expansion . . . . .. ....... 10
2.2.3 Microscopic Fields — Localization . .............. 13
23 Comments . . ... ..o vttt e eteeeneee e 14

8 Numerical Evaluation of Effective Moduli and Microscopic Stress
Fields 16

3.1 Application of the Method to a Cross Ply Laminate . . . . ... .. 16
3.2 Three Dimensional Homogenization of the Cross Ply Laminate ... 17
3.3 Two-Dimensional Homogenization of the Cross Ply Laminate . ... 18

3.4 Samplenumericalresults ... ...... ...t 20

3.4.1 Effective Parameter Models . . . . . . . .. ¢ v v v v 20

ASNIIXI INFWNUIAO0D 1V AIDNA0U.4IY




LIST OF FIGURES

3.4.2 Numerical Results for the Microscopic Stress-Field . . . . . . 20

4 Numerical Results for Effective Moduli and Microscopic Stress

ASNIdX3 LNIWNYIAOD 1V AIDNAOYdIY

Fields 22
4.1 Effective Moduli for Various Fiber-Matrix Geometries . . ... ... 22
4.1.1 Design of the MeMCAP Supervisor. . . . ... ........ 24

4.1.2 Sample Session with the MeMCAP Interface ....... .27

4.2 Evaluation of the Microécopic Stress Fields .. ............ 38

5 Conclusions and Further Research and Development 43
5.1 Accomplishmentsofthe Project . . . . ... .............. 43
5.2 Further Phase II Research and Development . . . . . ......... 43

List of Figures

1  Microscopic stress field in a cross section of a typical cell computed

by homogenization.. . . ... .. Cee e e e e e e e e e 3
2  Elastic body subjected toforces. . ................... 6
3  Typical periodic cross-sections of composites for the homogenization

method. . . . .. . ... .. e e e e 7
4  Multiple layer reinforced composites. . . . . .............. 16

5  Triangular finite element mesh of the cross section of a period Y. . . 17

6  Composite reinforced by fibers running in the same direction .. .. 19




h.
K
K

ﬁ t
1
1 1y
N

LIST OF TABLES

10

11

12

13

Multiple layers: Each layer possesses a plane of elastic symmetry
normaltothe zgaxis. . ... ... ... 00ttt teerneen 20

Microstress field for shearing load normal to direction of fibers. . . . 23

Overview of MeMCAP softwaresystem. . . ... .......0.... 25
Flow diagram of MeMCAP Supervisor.. . . . . .« ¢ v v v v v v oo 26
Microstress distribution in a typicaleell. . . .. ... ... ... ... 40
Microstress distribution in a typical cell (alternate loading). . . . . . 41
Microstress distribution in a typical cell (alternate geometry). . . . . 42

List of Tables

1

2

3

Comparative table for 36% resin by volume. ... . . ... ... .... 21
Comparative table for 50% resin by volume. . . . . .. ... ... .. 21

Comparative table for 65% resinbyvolume. . . . . ... ....... 21

ISNIAXI ANIWNYUIAOD 1V A3IONA0YdIY




!

' W I O N E E B

v

SEI-TR-87-05 Systems Engineering, Inc. 1

1 Introduction and Project Summary

The objective of this project is the development of analytical methodology im-
plemented in a software tool for the modeling and design of composite materials.
Our ultimate objective is to provide a software system for engineering level eval-
uation of composites in a form which is easy to use, reasonably comprehensive,
flexible, extensible, portable and computationally efficient. To this end we have
developed a prototype program for the evaluation of effective elasticity moduli for
fiber-reinforced composites which includes the capability to compute an approxi-
mation to the microscopic distribution of stresses at the fiber-matrix interface.

1.1 Modeling Composite Materials

Direct computation of the detailed behavior of composites under loads is virtu-
ally impossible using conventional methods, including sophisticated finite element
codes. This is a consequence of the large number of degrees of freedom in the
heterogeneous material. A computational procedure which has proven useful is to
derive a model representation with material coefficients which do not vary (rapidly)
in spatial variables — in effect to find a homogeneous material whose macroscopic
behavior approximates that of the composite in a specifc context. Many techniques
have been used for the derivation of homogeneous, continuum approximations of
composite materials.! In this report we shall focus on the homogenization method,
particularly as developed in [5,6,7] and in the general sources [12,35,65]. This is
a powerful mathematical technique for the analysis of physical systems in which
there are two or more scales upon which spatial or temporal (or both) phenomena
occur. In a composite medium the natural scales are the small (microscopic) scale
of interfiber spacing in fiber reinforced materials, or the mean free path length be-
tween particles in particle reinforced composites; and the large (macroscopic) scale
characterizing the overall dimensions of the structure formed by the medium.

This report presents two basic results from application of the homogenization
method to the analysis of fiber—reinforced composite materials:

1See among many other references [1,2,3,22,28,74].
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SEI-TR-87-05 Systems Engineering. Inc. 2

1. When the period (dimension) of a basic “cell” of the periodic structure ap-
proaches zero, the fields of deformations and stress of the composite tend to
those corresponding to a homogeneous (anisotropic) structure. The complete
set of moduli for the homogenized structure can be computed in terms of the
elastic moduli of the constituents (fibers and matrix) and the parameters de-
scribing the geometrical layout of a single “period” or “cell” of the composite
structure.

2. By retaining additional terms in the homogenization asymptotic analysis, we
can develop a picture of the local distribution of stresses in the material,
e.g., at the interfaces between the fibers and matrix. (See Figure 1 and the
examples in Section 4.)

The homogenization procedure is systematic; i.e., one can estimate the precision
of the approximations to the field equations of the composite. Moreover, unlike the
“rule of mixtures,” it retains interaction effects due to the microstructure of the
composite in the macroscopic approximations. Numerical evaluation of both the
homogenized moduli and the distributions of local stresses can be based on finite
element analysis of elliptic partial differential equations.

The homogenization procedure is general in the sense that it can treat both
materials with a regular, periodic infrastructure and materials with a random in-
frastructure. The general form of the analysis is similar in both cases, as is the form
of the expressions for the effective parameters in the approximations; of course, the
details of the derivations are quite different.?

In this Phase I project we have developed a prototype software system based
on finite element methods to implement the homogenization methodology the eval-
uation of macroscopic effective moduli of composites with periodic infrastructure
and for computation of the microscopic stress and strain fields acting at the fiber—
matrix interfaces. The software system is designed for easy use by engineers who
need not be familiar with the underlying analytical techniques. Interaction takes
place through a menu-driven “supervisor” program which requires specification of
the material properties of fiber and matrix and of the “geometry” of a typical cell of

3The general theories for the periodic and random cases are developed in [13) and [69], respec-
tively.
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Figure 1: Microscopic stress field in a cross section of a typical cell computed by
homogenization.




SEI-TR-87-05 Systems Engineering, Inc. 4

the composite. The homogenization method produces an effective parameter model
of the macroscopic behavior of the material (longitudinal and transverse Young'’s
moduli, Poisson coefficients, etc.), and a description of the microscopic distributions
of stress within the cell — especially at the fiber-matrix interface. The system can
treat composites with various fiber shapes and packing arrangements. It can also
treat multi-ply laminates. The program, written in Fortran, is fast, efficient, and
portable. It can be readily extended to treat other types of composites, and it can
be enhanced to incorporate a database of composite properties for comparison with
predictions of the analytical models. We plan to implement these extensions and
enhancements in the second phase of this project.

1.2 Project Summary

The results of the project fall into two classes:

1. Analytical results on the derivation of the “homogenized approximations”
for the elastic response of fiber-reinforced composites in the periodic case,
including asymptotic expansions of the stress, strain, and displacement fields;
and

2. Implementation of the effective parameter models and field expansions in a
menu-—driven software system.

The analytical results are summarized in the next section. The software system
is described in section 3. Sample numerical results from the software system are
given in section 4 and Listings 1 and 2 at the end of the report. Recommendations
for further research are given section 5.

1.3 Comments on Some Related Work

The need for tools for stress analysis of laminates formed from composites as a
basis for the evaluation of strength and failure properties has been emphasized by

3SNIdX3I LNIWNHIAOD LIV GIDNA0Y4IY




*

3 B B B E E B S A BN D B B A s o A B e

SEI-T..-87-05 Systems Engineering. Inc. 5

many researchers, see for example [71]. As pointed out in [71], difficulties have been
encountered in treating systems containing multiple layers. As we show in section
3 (see also [5]), the homogenization method readily handles such cases, even when
the number of layers in the laminate is large.

2 The Homogenization Method for Modeling Com-

posite Materials

2.1 Formulation of the Model

Consider the problem of characterizing small scale elastic deformations of a com-
posite material which, in its undeformed state, occupies a region {1, open and
bounded in ®R3 with regular boundary I'. Suppose the boundary is partitioned
into T = IoUT;. (See Figure 2.) Suppose the material is constrained (not
to move) along the I'y portion of the boundary, and that a surface force ¢ =
[91(z1, 232, 23), 92(z1, Z2, Z3), g3 (21, Z2, 23)] is incident on the material along the T,
portion of the boundary. Suppose in addition there are volumetric forces f =
[f1(Z1, %2, Z3), f2(Z1, 22, Z3), f3(Z1, 22, Z3)] acting on the interior of the body.

Let u(zl,zg,zs) = [u,(zl,zz,z;),uz(zl,zg,zg),ua(zl,zz,zs)] be the dxspla.ce-
ment field of the body subjected to the force densities f,g. Then
1 811.,' au,- . .
) =2 2= +32), 1<45<
e;i(u) 2 (8:,- + 81:.-) 1<4,5<3 (1)

defines the strain tensor. The stress tensor is o;; which satisfies the equilibrium
equations

30ij —n:
3;—; +fi=0in{} (2)
Oijn; = g; on I‘, (3)

ISNIIXI INIWNYIAOD 1V GIDNA0YLEIY
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I

X4

Figure 2: Elastic body subjected to forces.

Stress and strain are related by the pointwise constitutive relation®
0ii(v) = aijre(z1, 22, Z3)ere(u), 1<4,7<3 (4)
The components of the elasticity tensor a;jie(z1,2;,23) are bounded and satisfy

symmetry  aijie = Gjike = Giju, 154,75,k £<3

3 3
positivity 2 il 2 ey |EP,
igikt=1 §g=1
for some a > 0, and for all §;; such that &; = £;

In composite materials with a periodic infrastructure of fibers, cells, or layers,
etc., the elasticity tensor will be a periodic function of the spatial variables. The
homogenization method is suitable for treating the case when the infrastructure of
the composite is “fine” relative to the macroscopic dimensions of the structure. The
periodic structures treated here can be simple identical rectangular or hexagonal
arrangements, or they can be more complex shapes as shown in Figure 3. The
only constraint is that the opposing faces of a typical “cell” of the structure which
correspond through a translation can be identified in pairs.

3In the following, we use the convention that repeated indices are summed.
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Base period

Figure 3: Typical periodic cross-sections of composites for the homogenization
method.

Let Y be a dimension of a typical cell of the structure, and suppose that the
structure, i.e., the overall composite, consists of a large number of cells. Let € be
a small dimensionless parameter that is the (homothetic) ratio of Y to a typical
dimension of the structure as a whole.* If the spatial variable £ € R3 is used to
describe the macroscopic variations in the material, then we use y = z/e as the
microscopic spatial scale which describes rapid variations of the elasticity across
the structure.® Hence, it is appropriate to identify

z
&ne(21, 72, T3) = aijie(y), ¥ = € ®

Introducing the shorthand notation,

aly) = {anely)},  a“(z1,22,25) = a(3)

$For example, if the composite structure is a fiber reinforced rod of length L and thickness W,
and if a typical cell of the rod is defined to be a section of the rod including a single fiber and a
portion of the surrounding matrix, and if the cell cross section as length Y, then € = Y/W. Hence,
€ is dimensionless, and assuming there are many cells in the cross section of the rod, 0 < € << 1.

8Using the composite rod example, if we move the small distance of z = ¢ units through the
cross section of the rod, we will pass from matrix to fiber and back to matrix, incurring a significant
variation of elasticity. This corresponds to a movement of one unit in the fast spatial scale .

3SN3IdX3 ANIWNHIAOD LV GIDNA0UL3IY
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o= {oi;}, e(u)={er(u)}
the constitutive law (4) is written
Oij = ffn(zh-'l?z, Z3)ere ()
where

o) = (et e =3 (52 + 52)

When an ambiguity is possible, either e.(u) or e,(u) will be specified depending on
whether the derivative is with respect to z or y. The boundary conditions are:

vu=0onTly oynj=gionT, (7)

The problem posed by (1)-(4) has a unique solution which depends on ¢ and
which we shall designate as u*; a stress field o may be associated with this:

o° = a*(z)e(uf) (8)

When € is small, it is very difficult to calculate u® numerically since there are a
large number of heterogeneities in the elastic medium. Therefore, one usually tries
to obtain an expansion of the solution u¢ and the stress field o*.

2.2 The homogenization method

The homogenization method results in replacing the pointwise constitutive rela-
tion (6) by a linear relation (with coefficients constant in space) between the “mean
values” of the stress and strain tensors.®

®1t is important to emphasise that the method applies not only to systems with a periodic struc-
ture, but also to systems with a structure which varies randomly in space. The random variations
must be stationary in a strong sense, and the details of the arguments differ from the periodic case;
however, the principles are similar. See [59) for the general theory in the random case and [10,50]
for extensive applications.

ISNIdX3 INIWNYIAOD 1V QIDNAO0ULIY
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This justifies looking for an asymptotic expansion of the solution the form:
u* = u%(z,y) + ev’(z,y) + u?(z,y) + - -- (9)

2.2.1 Asymptotic Expansions
where the u‘(z,y) are, for each z € 0, Y-periodic functions with respect to the
variable y € Y. Then y = z/e in (9) is the “fast” local scale of the internal

The solution depends on two scales:

(1) The first is the macroscopic dimension (scale) of {1 which affects the solution
through the forces applied to the body as whole and the conditions at the
boundaries. '

(i1) The second is due to the period of the microscopic system infrastructure which
structural variations, i.e., z scaled by the (normalized) distance between fibers. An

characterizes the local internal forces and stress distributions.
expansion of the deformation field e(u) may also be identified
(1) = Ty () + ¢(u) + ¢ (0) + lecw) 60+ (10)
and the associated stresses field has the representation
ot = %a°(z:, y) +o'(z,y) + 0 +--- (11)
with

o® = a(y)e,(v°)

o' = a(y)[ey(v") + ez(u°)]
o' (z,y) = [e(u?) +ea(u)]

The equilibrium equations (2) applied to o* give

'aTj'f'f‘—O
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or in a more condensed form
divo*+ f=0 - (12)

Given the expansion (11) of o we have

%div,a" + % (div,,a1 + div,o°) + divyo? + div,o* + f+--- =0 (13)

ISNIdX3I ANIWNYIAOD 1v AIDNAOULIY

z€l, y€eY
where B2 Py
.ol = $9%; iv.ol@) = 1 2%
divyo { 3y }, div.o { az,-}

The boundary conditions (3) are treated in the same way:
1
zo°-n+ol-n—g+ea’~n+...=0, ze€l:, yeY (14)

Finally, the conditions (7) mean that
Wiew+efuP+...=0, z€Ty,, y€eY (15)

By making the various powers of € zero we obtain:

divye® = 0
{ O = ag)e, () (16)
divyo! + div,0? = 0
{ o! = afy)le(w) + es(?)] (a7)
divyo? + div,a' + f = 0
{ o? = a(y)ley(u?) + ea ()] - )

The equations (14) and (15) will be used later.

2.2.2 Analysis of the Asymptotic Expansion

The systems (16)-(18) contain differential operators in y. They are equations with
partial derivatives relative to the macroscopic spatial scale z with the associated
period Y; and so, the unknown factors are Y-periodic functions.
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System (16): This leads immediately to:

=0, u’=u"z) (19)

System (17): In view of (19) it reduces to:
divyo' =0, o' = a(y)ley () + ea(s?)] (20)
The deformation e,(u°) is a function of £ and not y; therefore, it plays the role

of a parameter with respect to the differential system in y. As a consequence of
linearity, o! and u! may therefore be written in the form:

ol = s*(y)er(u®)
{0 2l &
where
divys¢ = 0
st = a(y)[™ + ¢ (x*)]
ere(u®) = % (%_:j:, + g;"%) (22)
x*e is Y-periodic

The tensor 7*¢ is the unit tensor.

It can be shown that the system (22) determines the vector x*¢(y) to within an
additive constant.

For any function ¢ = ¢(z,y), we define the averaging operation

1
<¢>= W fy ¢(-’5, y)dy
The solution o? of (17) is given by,

o'(z,v) = a(y)[r™ — e (x*)]ere(u”) (23)
and taking the mean value, we obtain,

<ol >= qu‘cu(u°) (24)

ISNIdX3 LNIWNYIAOD 1V G3IDNA0Y¥4IY
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where
9.";" =< ijre(y) > — < aijpq () epe(x*) > (25)

System (18): It suffices to take the mean over a period Y in the first equation
to obtain:

div,<o!'>+f=0in Q0 (26)
If we introduce & =< o! >, we have
div.Z + f = 0in
{ i = giyene(v’) &7
Using equation (15) and taking the mean on Y in (14), we obtain:
uW=0 on I
{ Y-n=g on TIp (28)

The system (27) with boundary conditions {28) is a well posed elasticity problem;
the equilibrium equations are unchanged, as well as the boundary conditions. The
elastic constitutive relation is

Tij = qf; - exe(v°) (29)

It is homogeneous since the coefficients g} given by (25) are independent of z € Q1.
These coefficients define the equivalent “homogeneous” material. They are called
homogenized or effective coefficients.

Note: The effective parameters g (25) snclude not only the averages of the a(y),
the “rule of miztures® which one ezpects, but also terms which “correct” for local
interactions. These correctors are usually omitted in naive effective medium theo-
ries (3.

The stress field £ = {I;;} is called the macroscopic stress field. It is defined by
L =< o' >. The strain field E = ¢.(u%) is called the macroscopic strain field and
satisfies

E =< e;(u®) + ¢,(u!) >

3ISN3IdXI LNIWNYIAOD 1V GIONA0Y¥4IY
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It can be proved that the homogenized coefficients q,-",-‘ satisfy

0¥ = gin(= gijae)

q‘k’-lS;ngg > 18;8ij, V8ij = 8;; some a; > 0
This shows that (gf) are reasonable elastic coefficients and that the macroscopic
scale problem (27)(28) has a unique solution.

This homogenized system describes the macroscopic deformation and stress
fields of the system subject to external forces and boundary conditions. It is the
effective parameter representation of the medium. Since we are interested in the
microscopic stresses which characterize the fiber matrix interface, we must push the
analysis a little further to reveal this information.

2.2.3 Microscopic Fields ~ Localization

The stress field o'(z,y) is the first term of the asymptotic expansion (11) of the
stress field 0(z) solution of the initial exact problem. The field o!(z,y) is called
the microscopic stress field. If we imagine that at each point z € 1, there is a small
€Y period with its composite structure, i.e., & “cell” of the overall structure, then
ol(z,y) gives, for z kept fixed in 02, a stress field in this period.

It can be shown that ¢o%(z) — o(z,z/¢) tends to zero when € tends to zero.”
This proves that o'(z,z/¢) is a good approximation to o¢(z) when ¢ is small. The
microscopic stress field 0'(z,y),y = z/¢ can be calculated as follows:

(i) First, we obtain the six x*‘(y) vector fields on Y, each one associated with
tensor 7¥ = 1%, These six vector-fields are solutions of problem (22) which
is an elasticity problem on the large scale (period) Y.

(i1) From the vector fields x*¢ we get the homogenized coefficients ¢! by for-
mula (25).

'In the L* () norm; that is, lim,o [, |0*(z) ~ 0 (z, z/¢)|dz = 0.

3SN3dX3 LINIWNYIAOD 1V GIDNA0NLIY
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(iii) We solve the macroscopic scale, homogenized elastic problem (27)(28) on 0
for the macroscopic stress field £(z) and the macroscopic strain field e.(u%) =

E(z), for z € 1.

(iv) The localization procedure: Using formula (23), we can calculate o!(z,y).
For z fixed in {1, this stress field on Y shows how the macroscopic stress
B(z) =< o(z,y) > is localized in an ¢Y—period (cell) at the point z € Q.

This procedure can be rigorously justified in the sense that it can be shown that
when ¢ tends to zero, the stress field 0¢(z) tends to £(z). Nevertheless, o!(z,z/¢)
is a better approximation to 0¢(z) than £(z).® The macroscopic stress field £(z) is
just a mean value while 0'(z, z/¢) takes into account the fine periodic structure of
the composite material.

2.3 Comments

These results demonstrate the effectiveness of homogenization theory in comput-
ing the mechanical characteristics of composite materials. Validity of the results
depends on the assumptions made on the shapes and layout of fibers (especially pe-
riodicity). Of course, a method which permits treatment of random fiber directions
would be able to capture the actual physical situation more precisely. However, the
undeniable advantage of this method derives from its capability to supply complete
sets of parameter values, which are mutually coherent. Comparisons with exper-
imental evidence and other techniques such as the Halpin-Tsai formulas indicate
that the estimates based on the homogenization theory are more accurate than
those based on other methods (7,15,16].

An important challenge is to move from the ability to characterize the material
properties of composites to characterizing the macroscopic behavior of structures
fabricated from these advanced materials. There has been very little work on this
subject, and it is important that the software models provide a basis for the devel-
opment of CAD tools for treatment of these issues.?

Precisely, the norm L!((1) convergence implies that o*(z) — o (z, z/¢) tends to sero for almost
every point in {J, while the (weak) L3(f3) convergence governing the approach of o* to T does not.
®See [83] for a general discussion of the impact of composites on design of high performance
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The basic analytical method can be extended to treat elementary structures fab-
ricated from composites. In the next section we discuss the treatment of laminates
formed from fiber-reinforced composites. The analysis of such systems has been a
problem in the past, see the discussion in [71]. The homogenization method can
readily treat laminates with a large number of layers; a problem that has presented
difficulties for other methods. More complex structures can also be treated by it-
eratively applying the method. For example, in treating tubular members made
from composites one can compute the material properties of the composite using
the homogenization procedure, evaluate the stiffness and bending properties of the
tube based on this, and then refine the model by examining the distribution of
microstresses in the wall of the tube as a function of fiber alignment and geometry.
The deformations of a sleeve coupling element may be similarly treated.

More complex molded structures are a different matter, since the macroscopic
geometry of the element will have to be considered even in the local analysis. That
is the “shape” of the region 1 will be very complex for certain molded structures;
and it will have to be treated explicitly in the homogenization analysis. One possible
approach is to use an iterated finite element procedure in which finite elements in
the large scale representation of the complex region 0 are themselves represented as
“composite elements” which are are in turn treated as a collection of “cells” whose
compliance properties are evaluated using the homogenization procedure. The be-
havior of the overall molded structure would then be derived by a “superposition”
of the individual behaviors of each of its “composite elements.” Implementation of
this procedure would be a very challenging problem in numerical (finite element)
analysis. The simplicity and similarity of the “composite elements” would have to
be exploited in setting up the analysis. If properly formulated, the analysis of the
“composite elements” could be done in parallel.

systems. See the papers [45,51,72) for discussions of design objectives for laminated fibrous composite
plates and related structures . The homogenization method is applied to design in [48].
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Figure 4: Multiple layer reinforced composites.

3 Numerical Evaluation of Effective Moduli and
Microscopic Stress Fields

3.1 Application of the Method to a Cross Ply Laminate

To illustrate use of the homogenization method in a concrete case, consider a cross
ply lamination consisting of orthotropic layers with an alternating orientation of
90° between the layers. We assume that the z and the y axes are parallel to the
fiber reinforcement in the odd and the even numbered layers respectively. All the
odd layers are identical. As are the even layers. To compare the results, we shall
consider three types of layers: (See Figure 4.)

Example 1: Each layer is reinforced by a single fiber row.
Example 2: Each layer is reinforced by a double fiber row.

Example 8: Each layer is reinforced by multiple fiber rows.
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Figure 5: Triangular finite element mesh of the cross section of a period Y.

The first two examples are solved by using the homogenization procedure in
three dimensions. The last example is solved in two steps by using a two-dimensional
analysis:

(i) Homogenization of each layer reinforced by fibers running in the same direction.
The problem defined by (22) is bidimensional.

(ii) Homogenization of the cross ply lamination using the computed results for each
layer given by the first step.

The numerical results are obtained by using a finite element code. See Figure 5.

3.2 Three Dimensional Homogenization of the Cross Ply
Laminate

To obtain the homogenized moduli q ! (25), it is necessary, to first compute the
functions x*¢ which are solutions of elhptxc boundary value problems on the basic
period (22). To compute the functions x* by a finite element code, the system (22)
is reformulated in variational form

{ x*ev = {u=(v,va,vs),ve€ {H(Y)}Svis Y — periodic

ay(x*,v) = Jfy aiue(y)eii(v)dy, Vv eV (30)
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where
ay(u,v) = /,, aijee(y)eie(u)eii(v)dy

The last integral in (30) can be written in terms of the surface load:

/Y aijre(y)eii(v)dy = /r F*.ydy

with
FP! = [analne F' = [auene Fi! = [aus)ne
F}? = [ag2n)ne Fj 7 = [a3)ne Fj 7 = [analn.
FI” = [am]m F33 [a33¢g]n¢ F"’s [am]m
FPB = [agsane F“ [a2se2]ne F"" [a11a]ne
FB = [aysalne F] 3 = = [a130]n: FJ 1 = = [anane
Fy iz = [apzalne F3? = lazelne Fi 1 = [a1za]ne

where n = (n;,n2,n3) is the outward unit normal to the interface of the components
(fiber-resin) and where the bracket |:] denotes the jump of a function across the
interface.

Given numerical representations of the functions x*¢, the homogenized coef-
ficients g;;z¢ of the composite system are the mean value, over a period Y of the
corresponding a;;x altered by a corrector term (25) depending on the x*¢, explicitly:

axll

Giske =< Gijre(y) > —qfe
Qiee = [}17{ Iy a-'inif,‘dy

3.3 Two-Dimensional Homogenization of the Cross Ply Lam-
inate

As stated previously, the Example 3 is solved in two steps:

Step 1: Homogenization of a composite reinforced by fibers running in the same
direction. See Figure 6.

Calculation of the homogenized coefficients g;;1, requires resolution of (22). In
the present case the coefficients a;;x(y) are independent of y3. Consequently, the
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Figure 6: Composite reinforced by fibers running in the same direction

fields x*¢(y) are also independent of ys. In (22)(30) those indices referring to 3/3ys
give zero contribution. This makes the computation of x*/(y) a two dimensional
problem. In addition, we have:

xu(y) = Xu(yn y2) = [X'xu(!h, !Iz), x;l(yl:yZ)’O]
These functions are therefore solutions of a plane strain elasticity problem. And,
X"(y) = X"(yu y?) = [0’0, X;‘(yhyz)] for (kst) = [(11 3)’ (2’ 3)]

These two functions for solutions of a scalar problem in R2. (Details of this reduction
are given in [7].)

Step 2: Homogenization of the cross ply lamination. See Figure 7.

Using the homogenized moduli of each layer (from step one), the homogenization
formulas are considerably simplified. The problem (22) is reduced to a system of
differential equations which may be solved explicitly.
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Figure 7: Multiple layers: Each layer possesses a plane of elastic symmetry normal
{ . to the z; axis.

3.4 Sample numerical results
3.4.1 Effective Parameter Models

The results obtained (from a finite element code) for the two first examples are
compared with those obtained for the last example 3 in the tables which follow:
Each component is assumed elastic, homogeneous, and isotropic with: '

E,; = 84,000 MPa v; = .22 for the fiber
E, = 4,000 MPa v, =.34 for the resin

Results for 3 impregnations of resin (36%, 50%, 65%) are shown in Tables 1,2,3.

3.4.2 Numerical Results for the Microscopic Stress-Field

In the previous paragraph, we have shown that we get the homogenized moduli
ijee from the six vector fields x*‘(y). We can then solve the homogenized elastic
problem (27)(28), on 1 which gives the macroscopic stress field I(z), for z € 0.
| The computations of the microscopic stress-field and stress forces at the interface
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Example E1 E2 E3 G23 G13 G12 Va3 Vi3 V12
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
| 1 37,700 37,700 18,900 5600 5,600 6,775 .27 .27 .135
2 37,780 37,780 19,850 5,570 5,570 6,670 .259 .259 .137
3 37,750 37,750 20,614 5,298 5,298 6,304 .24 .24 .138
Table 1: Comparative table for 36% resin by volume.
Example E1l E2 E3 G23 G13 Gl12 Vi3 Vi3 Vi2
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
1 28,340 28,340 12,996 3,800 3,800 4,300 .32 .32 .122
2 28,400 28,400 13,280 3,780 3,780 4,276 .308 .308 .124
3 28,801 28,801 13,563 3,598 3,598 4,168 .207 .297 .124
Table 2: Comparative table for 50% resin by volume.
Example El E2 E3 G23 G13 Gl2 vz i3 vy
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
1 20,500 20,500 9,471 2,880 2,880 3,076 .33 .35 .126
2 20,560 20,560 9,565 2,850 2,850 3,057 .35 .35 .128
3 20,237 20,237 9,243 2,657 2,657 2910 .35 .35 .126

Table 3: Comparative table for 65% resin by volume.
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between fiber and resin, are particularly important because they can initiate cracks
and delaminations. The localization procedure allows an easy computation of these
microscopic stress-field and stress forces.

Numerical results for an unidirectionally fiber-reinforced composite subjected to
a shearing stress-field normal to the direction of the fibers are shown in Figure 8.
Other cases can be treated in a similar manner. The stress forces ¢ - n at the
interface and the components of microscopic stress field are plotted. The density of
lines plotted indicate the level of microscopic stress concentration.

The elastic moduli of the components are:

Fiber: E = 84000 Mpa v =0.22
Resin: E = 4000 Mpa v=0.34

The corresponding homogenized moduli for 50% resin impregnations are

El = 10141Mpa v; = 0.287 Gi; = 3106
E2 = 9685Mpa V31 = 0.281 Ga; = 3386
E3 = 35655Mpa vi; = 0.353 G2 = 2606

4 Numerical Results for Effective Moduli and Mi-
croscopic Stress Fields

In this section we present transcripts of interactive sessions with the MeMCAP software
system. Computation of the effective moduli is treated in the next subsection.
Evaluation of the microscopic distribution of stresses at the fiber-matrix interface
is treated in the last subsection. In Listings 1 and 2 at the end of the report we
provide more extensive examples of the performance of the program modules.

4.1 Effective Moduli for Various Fiber—-Matrix Geometries

In the session which follows the homogenized compliance tensor defining the re-
lationship between the stress and strain tensors, {¢} = [E|{o}, is computed for
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Macroscopit stress-field
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Microscopic stress-field

o1 %2 0
o(x,y) ={ 0y, 0 0

0 0 o3
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0qp WX = 69.1 Fy = 0.

Figure 8: Microstress field for shearing load normal to direction of fibers.
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sample fiber types and orientations. Specifically, we computed the system

[ €11 ] [ Ei{ -.;3, "%}l 0 0 0 1 [ on ]
€2 -8 5 "B 0 0 0 ||ox
es3 | _ - - El-; 0 0 0 033
€23 0 0 0 ZGE” 0 0 023
e13 0 0 0 0 .‘,G‘“ 0 013

ez [ 0 0 0 0 0 g F-]|0o]

Here E;,¢ = 1,2,3 are Young’s moduli for the fiber (composite) directions z;,¢ =
1,2,3; Gij,1,7 = 1,2,3 are the fiber (composite) shear moduli, and v;;,1,5 = 1,2,3
are the fiber (composite) Poisson coefficients.

The homogenization methodology was used to compute the effective parame-
ters. As shown in the previous section, this requires solution of an elliptic partial
differential equation in a typical “cell” of the (periodic) structure. This solution
was found by a finite element procedure. The solution is then used in an averaging
procedure which produces the effective parameters.

4.1.1 Design of the MeMCAP Supervisor

We have developed a menu-driven supervisor program called the “Metal-Matrix
Composites Analysis Program (MeMCAP)” to facillitate interaction with the numer-
ical programs which compute the effective parameters of the “homogenized” repre-
sentation of fiber reinforced materials.'® An overview of this software is shown in
Figure 9.

The flow diagram of the menu-oriented supervisor module is shown in Figure 10.
Currently, the software allows the user to (i) get help, (ii) set up a problem via

a simple screen-oriented editor and (iii) submit a batch job to compute the effective
parameters of the current problem. The numerical results are saved in a .LOG file.

10In fact, most of the data used in the computations here is for resin based composites. We have
not used metal matrix data (in this unrestricted document) in part to avoid issues related to the
ITAR.
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Figure 9: Overview of MeMCAP software system.
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Figure 10: Flow diagram of MeMCAP Supervisor.
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The system is written in Fortran. It assumes the user has a VT100 terminal or
compatible. The system is just a prototype; we plan significant enhancements in
further work.

4.1.2 Sample Session with the MeMCAP Interface

The output from a sample run is shown below. Each page corresponds to a display
screen on the user’s terminal.

$ run memcap

WELCOME
T0
T koo ook Rk kol e ok ok ok ok ko
* MeNCAP *
* Metal Matrix Composites *
* Analysis Program *

2k 2 3 ke 2 2l o e 30 o e ol ol 2 ok ade 3 R ol ok e e ol ol o ol ol 3 o ok ok ok sk

PROTOTYPE PROGRAM FOR COMPUTING THE EFFECTIVE PARAMETERS
OF METAL MATRIX COMPOSITES

DEVELOPED BY
SYSTENS ENGINEERING INCORPORATED

7833 WALKER DRIVE, SUITE 308
GREENBELT, ND 20770

*#»* PRESS THE "RETURN" KEY TO CONTINUE %=
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NAIN MENU ABBREVIATIONS

1 HELP (BRIEF DESCRIPTION OF SOME ITEMS) - (HELP)
2 PREPARE DATA FILE FOR COMPUTATIONS -- (PREP)
3

CONPUTE EFFECTIVE PARAMETERS -- (CONMP)
- Creeeenaaens Ceeeeceacesnesacnenas
B eiirriiiniieeens Ceeeereerneesceccteccasearaennnns
- J Ceeetnatseteseneneataratroannnen
0 QuUIT

PLEASE ENTER YOUR SELECTION NUMBER:
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HELP - Help available on the following topics:
HELP - displays this list. HISTORY - history of this project.
NEWS - info. on revisions. CONP -~ compute eff. parameters

PREP - preparation of data file.

SUMNARY - general description.

1. TO SEE A DIRECTORY OF HELP ITEMS, TYPE "HELP".
2. OR ENTER NAME OF ITEM FOR WHICH YOU WANT HELP.
3. WHEN FINISHED, TYPE "EXIT" OR "QUIT".

EXIT
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MAIN MENU ABBREVIATIONS

1 HELP (BRIEF DESCRIPTION OF SOME ITENS) - (HELP)
2 PREPARE DATA FILE FOR COMPUTATIONS -- (PREP)
3

COMPUTE EFFECTIVE PARAMETERS -- (COMP)
4 ..iiiiienens ceeessssseacessacsacananes ceerennne
B iieiiiiiniiieen., cecasnan Geectsessnenn ceersesas
6 ..iiieienann. ceeesenans Gevsesesesesscrascnveanns
0 QUIT

PLEASE ENTER YOUR SELECTION NUMBER:
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ITEN DESCRIPTION TYP CURRENT VALUE
1. Project title C Metal Matrix Composites Analysis
2. Project/Contract Number C test
3. Generic Name _ C TEST
4. IFIB I1
Fiber type:

1

Isotropic Circular Fiber

2 = Orthotropic Circular Fiber
3 = Isotropic Kidney Fiber

4 = Orthotropic Kidney Fiber
b = Isotroplc Staggered Fiber

TYP: C=CHARACTER, I=INTEGER, L=LOGICAL, R=REAL, X=COMPLEX

1. TO CHANGE CURRENT ITEM, ENTER NEW VALUE, THEN HIT RETURN.
2. OR ENTER "#" FOLLOWED BY ITEM NUMBER YOU WANT TO CHANGE.
3. TO WRITE BACK FILE AND EXIT, TYPE “EXIT". ELSE "QUIT".

QuUIT
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MAIN MENU ABBREVIATIONS

HELP (BRIEF DESCRIPTION OF SOME ITEMS) - (HELP)
PREPARE DATA FILE FOR CONPUTATIONS -- (PREP)
COMPUTE EFFECTIVE PARAMETERS -- (comP)

W N -

o N

PLEASE ENTER YOUR SELECTION NUMBER:
MAIN>3

SUBMITTING BATCH JOB, LOGFILE IS "COMACH.LOG"
Job COMACH (queue SYS$BATCH, entry 1098) started on SYS$BATCH

The results for this case are shown below (i.e., the following is a listing of the
.LOG file created by the module COMACH.EXE):

| R E S R B O B B BN M B Bl & E E aEE .
| .
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$RUN SEIS$USR: [CRANE]COMACH

3SN3dX3 LNIWNUIAOS iv AIDNAQOY¥dIH

GENERIC NANE :
IFIB 7 ( = 1 ISOTROPIC CIRCULAR FIBER)
( = 2 ORTHOTROPIC CIRCULAR FIBER)
( = 3 ISOTROPIC KIDNEY FIBER)
( = 4 ORTHOTROPIC KIDNEY FIBER) L
( = 5 ISOTROPIC STAGGERED FIBER)
( = 6 ORTHOTROPIC STAGGERED FIBER)
( = 7 HEXAGONAL CELL ISOTROPIC KIDNEY FIBER)
( = 8 HEXAGONAL CELL ORTHOTROPIC KIDNEY FIBER)
1

I0PT = 7 1IF = 1 PROVIDE THE SIDE RATIO ( SIDE_//_Y / SIDE_//_X )
AND THE RESIN RATIO
IF = 2 PROVIDE THE SIDE RATIO , THE RESIN RATIO,
HDIST ( MESH DENSITY PARAMETER )
1
SIDE RATIO ? (REAL)
1.0000000
RESIN RATIO ? ( > 0.2348894 )
0.5000000
E . NU = 7 (YOUNG MODULUS POISSON COEFF. ISOTROPIC FIBER)
84000 . 0000000
0.2200000
E . NU = 7 (YOUNG MODULUS POISSON COEFF. ISOTROPIC RESIN)
4000.0000000
0.3400000
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THE FIBERS ARE PARALLEL AT Xi
e L T T

NOTATICNS E1,E2,E3: YOUNG MODULI FIBER (COMPOSITE) DIRECTIONS X1,X2,X3
: FIBER ( COMPOSITE ) SHEAR NODULI
: FIBER ( COMPOSITE ) POISSON COEFFICIENT

ok ok ok ok ok o GIJ

NU(IJ)

ER

NUR
NEL
NGE
TXR

: RESIN YOUNG MODULUS

: RESIN POISSON COEFFICIENT

: NUNBER OF ELEMENTS

: NUMBER OF NODES

: RESIN IMPREGNATED RATIO IN VOLUME

RkkkR Rk kR kR kR R kR kR Rk kR Rk kR k ko kok ko k ko Rk ko ki akak sk sk ok

* ISOTROPIC CIRCULAR FIBER *ISOTROPIC RESIN*  MESH *
* o iieeens cerescneenanne vecsscenrseane Ceesses ® et eraanssnene ® ettt *
* E1 = 84000 G12 = 34426. . NU12 = 0.220 * ER = 4000. * NEL = 176 =*
* E2 = 84000. . G13 = 34426. . NU13 = 0.220 * * NOE = 105 «
* E3 = 84000. . G23 = 34426. . NU23 = 0.220 * NUR = 0.340 * TXR = .5082 *

REREE Rk kR k Rk kR Ao ok o o o o o o e ok ook ok sk ok o o ofe ok o sk sk ok ok ok ok ok ok o ok s o ok ok ko o ok ok ok Kk ok
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KRR R KRR RRR AR RSB EERR R SRR R ER R R RSB RS R RN SRRk F S

» HOMOGENIZED ELASTIC TENSOR *
o iterrcecraataesanas ceestssessessacrsrennan Geessssccrstrrress et asasnoen e . *
» 11 22 33 23 13 12 .
* O0.4626E+05 0.5298E+04 0.5297E+04 -0.7273E-13 O0.0000E+00 O.0000E+00 =
* 0.5296E+04 O0.1468E+0b 0.4762E+04 -0.3214E-12 0.0000E+00 O0.0000E+00 =
* O0.5297E+04 0.4762E+04 0.1468E+0b -0.8976E-13 0.0000E+00 O0.0000E+00 =*
* -0.7273E-13 -0.3214E-12 -0.8976E-13 0.3113E+04 0.0000E+00 O.0000E+00 =
* 0.0000E+00 0.0000E+00 0.0000E+00 O0.0000E+00 0.4077E+04 O0.9916E-04 =
* 0.0000E+00 0.0000E+00 O©O.O000E+00 O.0000E+00 O0.9916E-04 O0.4077E+04 =

ERERERRE AR R TRRRRR R AR R R SRR RS RN R RN R RS R RS

AT T T T L 2P P T P T
* HOMOGENIZED COMPLIANCE TENSOR

11 22 33 23 13 12
0.2306E-04 -0.6283E~05 -0.6283E-05 -0.2910E-21 0.0000E+00 O0.0000E+00
-0.6283E-05 0.7786E-04 -0.2299E-04 0.7228E-20 0.0000E+00 ©.0000E+00
-0.6283E-06 -0.2299E-04 0.7785E-04 -0.2754E-21 0.0000E+00 0.0O000E+00
-0.2010E-21 0.7228E-20 -0.2764E-21 0.3212E-03 0.0000E+00 O0.0000E+00
0.0000E+00 0.0000E+00 0.COOQ0E+00 0.0000E+00 0.2453E-03 -0.5967E-11

0.0000E+00 0.0000E+00 0.0000E+00 O0.0000E+00 -0.6967E-11 0.2453E-03
SR L L L e T P T T T T

T R 2R BN B B
TR TR T I R R

Fhkkkkk Rk kkkkkkk ok Rk Rk kk kR kkk ok Rk ko kkkokk kR kR kk ke kR kR Kk

* *
* E1 = 0.433659D+05 E2 = 0.128441D+0b E3 = 0.128445D+06 =
* *
* NU23 = 0.295292D+00 NU12 = 0.272460D+00 NU13 = 0.2724B8D+00 =
* *
* G23 = 0.311300D+04 Gi2 = 0.407667D+04 Gi3 = 0.407662D+04 =
* *

kkkkkk kR Rk ok kkk ok kk kR kR Rk kR kR Rk Rk kR kR kR ko Rk kk kR
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ROTATION 45 DEGREES AROUND X1
LTI TSR e A T T e Y

ale 2l e e ol ale e ke e afe e e s 2 o 2 o o ok 2 afe o ok 2 2 200 20 a2k e e e e e o e 3 20 2 o e ol ke ol ok as sl e e ol e e o o a2l o ok ok ok ok ol ok ok e e o o e e e ok ok ke
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* HOMOGENIZED COMPLIANCE TENSOR (BISECTING DIRECTIONS) *

ool S e Cessecsessrrenrsrensenseons vessescsannes cscanss cese o
» 11 22 33 23 13 12 *
* 0.2306E-04 -0.6283E-06 -0.6283E-05 0.8650E-10 0.0000E+00 0.000QE+00 =
* -0.6283E-06 0.1077E-03 -0.5288E-04 -0.1208E-08 0.0000E+00 O.O0OQ0E+00 =
* -0,.6283E-05 -0.5288E-04 0.1077E-03 -0.1208E-08 0.0000E+00 O0.0000E+00 =*
* O0.8650E-10 -0.1208E-08 -0.1208E-08 0.2017E-03 0.0000E+00 O0.0000E+00 =
* 0.0000E+00 0.0000E+00 O0.0000E+00 0.00C00E+00 0.2453E-03 -0.1574E-08 =
* 0.0000E+00 0.0000E+00 O0.0000E+00 O0.0000E+00 -0.1574E-08 0.2453E-03 =

sk ok ook ek ol sk e s e e ok ol sl ok e ke o e e ok e e e sl ok ol ol e o e ok ae ok o afe ol okl ol e ool ok e e o e ol o o ol e ke e e ke ok o o ok o ok ok ok

e 2 ke 2k e o e ok s afe 2 ok o s afe ok o ke o e ofe o ok e kol ke v ok ok ol ol e e e kol ok ol s kel ok ek e ok sk ko ok ke ok ko sk ok ke ok sk ok ek ko ek

» *
* E1 = 0.433659D+056 E2 = 0.928151D+04 E3 = 0.92815iD+04 =
* *
* NU23 = 0.490768D+00 NUi2 = 0.272459D+00 NU13 = 0.272469D+00 =
* *
* G23 = 0.495805D+04 G12 = 0.407659D+04 G13 = 0.407659D+04 =
* *

e e o0 e o 2 ok e ok o e ok ok de e o e o ok e 2 ol ke o ke o ol e s ol ke 3 ok o ok ke o ol e o ol ok o o ol ke o ol o ok o afe ke o ake e ol ke s ol e ok o o e ok e e o kg ok
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FORTRAN STOP

CRANE job terminated at 11-MAY-1987 14:34:58.43

Accounting information:

Buffered 1/0 count: 08 Peak vorking set size: 1354
Direct I/0 count: 164 Peak page file size: 3161
Page faults: 1363 Mounted volumes: . (o]
Charged CPU time: 0 00:01:07.49 Elapsed time: 0 00:01:20.34

The program was run on SEI's VAX 11/750, which has a floating point accel-
erator and 6 Megbytes of core memory. Listing 1 at the end of the report contains
analyses of eight different fiber-matrix geometries to illustrate the range of options
available in this module of the system.
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scopic stress distributions in a typical cell of the composite material. The system
is setup to handle cases in which:

1. The fibers are run in the same direction and are periodically distributed with
e (i) staggered or (ii) aligned rectangular base period.

The fiber material is (i) isotropic or (ii) orthrotropic.
The matrix material is (i) isotropic, (ii) orthrotropic, or (iii) incompressible.

. The fibers are (i) circular or (ii) elliptical.!?

A R

. The microscopic stress field is computed for six main (stress) loadings: (i)
Su=1,5; = 0,i # j, (i) Sz = 1,5 = 0, # 7, (iii) Sas = 1,8;; = 0,4 # 4,
(iv) $23 =1,8;; = 0,8 # J, (v) $1a =1,8;; =0,i # j, (vi) S12 =1,5;; = 0,1 #
3

The finite element mesh is automatically generated given the description of
the cell geometry and the fiber—matrix impregnation ratio.!? A minimum ratio is
provided for each fiber shape and geometry.

The software requires the following input data:

1. Output device: terminal or filename.

2. Fiber characteristics: aligned or staggered; isotropic or orthotropic; spacing
of fibers in z and in y; and shape - circular or ellipse (a, 5, n).

3. Fiber-matrix impregnation ratio.

4. Elasticity characteristics: Matrix - isotropic (E,v); orthotropic (E;, Gi;,vi;);

or incompressible (E, v); and Fiber - isotropic (E, v) or orthotropic (E;, G;;, ;).

11 Actually, a generalised elliptical shape is permitted (z/a)™ + (y/b)" = 1.
12An optional parameter (HDIST) can be used to refine the mesh near the boundary.
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4.2 Evaluation of the Microscopic Stress Fields
The MeMCAP software includes & module (COMPO.EXE) for the evaluation of micro-
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h The software produces the following output information either on the user’s
terminal or into a file, as directed by the user:

1. A summary of the input data.

. The homogenized elasticity tensor.

ISN3IIXI INJWNUIAOD LV GIDNA0YJIIY

. The homogenized éompliance tensor.

2
3
4. Equivalent elastic moduli.
5

. A summary of the finite element mesh including number of elements and
number of nodes. For each element the program provides: number, material
number (1 for fiber, 2 for matrix), node number, and node coordinates. This
informationn serves to localize the microstresses in the fiber-matrix system.

6. For each stress loading the microscopic stress field by element number (in the
mesh).

7. The stress force at the interface between matrix and fiber in terms of element
number, node coordinates, and stress force components.

The results of a typical interactive session with the software are given in Listing
2.1% The listing of microscopic stress distributions by mesh element is useful in
anticipating design objectives and limitations. It is also possible to have the results
displayed in a graphical format. Figures 11,12,13 show the microstress distribution
in a typical cell in response to various loadings. The colors correspond to various
stress levels.

13T save space, we omit details of the interaction with the system through the supervisor interface.
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Figure 11: Microstress distribution in a typical cell.
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Figure 12: Microstress distribution in 2 typical cell (alternate loading).
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Figure 13: Microstress distribution in a typical cell (alternate geometry).
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5 Conclusions and Further Research and Devel-
opment

6.1 Accomplishments of the Project

The objective of our Phase I research program was to demonstrate the feasibility
of the homogenization method to compute the effective parameter representations
of fiber reinforced composites. We have produced analytical results and a software
system which meet this objective. It is important to stress that the analytical
methods are systematic and consistent.

5.2 Further Phase II Research and Development

Several enhancements to the software are possible which would make it a more com-
plete CAD system for investigation and design of composite materials and structures
constructed from such materials.

1. As we have already indicated, it would be relatively straight—forward to add
enhancements to treat the viscoelastic and thermal properties of (periodic)
composites (in the linear regime).

2. Similarly, it is possible to adapt the methods to treat plasticity in composites
— a particularly important consideration in the analysis and design of metal
matriz composites.

3. It is possible to adapt the analytical methods to treat both short-fiber and
particulate reinforced composites; however, in these cases it is important to
be able to treat systems with a random infrastructure.

4. Systems with a random infrastructure can be treated using homogenization.
The general theory has been worked out [59]. Extensive applications have
been given both for nonlinear problems (10] and for systems with a discrete
infrastructure (heat propagation on a random lattice) [50]. In related research
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SEI is developing numerical methods for the treatment of homogenization
problems for random structures.!4
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Listing 1: Computation of Effective Moduli
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38000. 38000. 20000.
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